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Abstract

The thermal field around a partially debonded spherical particle, having a spherical-cap crack, embedded in an infinite matrix is pre-
sented. Heat flow parallel and perpendicular to the axis of symmetry is considered. When the conductivity of the particle is equal to that
of the matrix the results of the present analysis agree with previously published results. An estimate for the effective thermal conductivity

of a dispersion of these particles is presented.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

There has been a significant amount of research directed
toward finding the effective thermal conductivity of com-
posites; a more complete discussion is given in the two
recently published books by Torquato [1], and by Sahimi
[2]. Most of the attention has been directed toward two
phase composite solids, comprising particles with thermal
conductivity k, embedded in a matrix with conductivity
k. Early estimates for the effective conductivity of a com-
posite containing spherical particles, where each particle is
in perfect contact with the matrix, has been given for a ran-
dom dispersion by Maxwell [3], and, for a periodic arrange-
ment of spherical particles, by Raleigh [4]. Subsequently,
both the Maxwell and Raleigh models have been modified,
see Refs. [5,6], respectively, to account for the presence of a
thin thermal barrier that completely surrounds the particle.

In this note the effective thermal conductivity of a ran-
dom dispersion of partially debonded particles is consid-
ered. The flow field around a single particle embedded in
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an infinite matrix is the starting point used in most models
that are employed to find the effective conductivity. A
spherical particle is used and its interface with the matrix
has mixed boundary conditions; there is a spherical-cap
crack covering the top portion of the sphere while the
remainder of the interface is in perfect contact. This prob-
lem has received far less attention than the calculation
where the interface condition is constant everywhere on
the interface. When the thermal conductivity of particle is
equal to that of the matrix, the calculation reduces to the
Neumann spherical-cap problem; the solution has been
given by Collins [7] and more recently by Martin [8]. The
temperature around a particle having a conductivity differ-
ent from that of the matrix is not readily available in the
literature. This thermal field is presented here and is then
used to estimate the effective conductivity corresponding
to a finite volume fraction of these partially debonded
particles.

The paper proceeds as follows: (a) in Section 2 the
mathematical statement of the problem is presented; (b)
in Section 3 the thermal field perpendicular to the axis of
symmetry is derived; (¢) Section 4 deals with the axisym-
metric flow perpendicular to the cap; and (d) in Section 5
an estimate for the effective conductivity is given.
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Nomenclature

a radius of the particle

A,, B, Fourier coefficients in Eq. (6)
C,(x),S,(x) functions in Eq. (18)
fix) function in Section 3
F,,G,l1,, integrals in Section 3

F ., %9, coefficients in Section 3

H, coefficient given in Eq. (7)

n
kp,km  thermal conductivity of the particle and matrix
ki, kS effective anisotropic conductivity with aligned

particles
P,(cosf) Legendre polynomials
P!(cos0) associated Legendre functions

9a radial flux across the interface

u>™ far-field temperature in the matrix

u,v temperatures in the matrix and particle
x,y,z  Cartesian coordinates

Greek symbols

o semi-angle of the debonded cap

p = km/k, conductivity ratio

Y polarizability given in Eq. (57)

Oy temperature jump across the interface

&y far-field temperature gradient in x direction
& far-field temperature gradient in z direction
n integration constant in Section 3

1 =cosl abbreviation

14 constant appearing in Eq. (11)

p,0,¢ spherical coordinates

w constant appearing in Eq. (15)

2. Partially debonded particle

To obtain an expression for the effective conductivity,
the thermal field around a partially debonded particle
embedded in an infinite matrix needs to be found. It is
therefore expedient to use spherical coordinates (r,0, ).
Consider an embedded, partially debonded, spherical par-
ticle with radius a where the portion 0 < 0 <« is debonded
and there is no heat flow across this debonded cap. The
geometry is axisymmetric with respect to the z axis. The
particle has thermal conductivity k, while the matrix has
thermal conductivity k;, and it is is convenient to define
the conductivity ratio km/k, as

p="" (1)

The temperatures within the matrix and particle are u, v
respectively, and at steady state these temperatures must
satisfy Laplace’s equation, V?u = V?v = 0. The boundary
conditions at r = a are written as

Ou ov

km§—kpa, 0<6<T[, (2)

u=v, a<d<m, (3)
Ou ov

kn—=k,—=0, 0<0 . 4
or P or <U<o (4)

Over the perfect portion the temperatures are matched,
while the debonded region is adiabatic.

At very large distances from the particle, i.e. when
r > a, the matrix temperature field corresponds to uniform
applied heat flow where the temperature u™ is written as
the linear form

u® =gx + &z (5)

Because of the symmetry only the flow components in the x
and z directions need to be considered. Near the particle

the far-field is disturbed and temperature in the matrix is
written as

u=u>— ani::(l —I—H”)n(g)wn

X {gx Cos ¢A71P:,(:u) + SZBnPn(ﬂ)}7 (6)
where u = cos0, P,(u) is Legendre’s polynomial, and

Piw = T= @ )

is the associated Legendre’s function. The coefficient H,, is
given by

1-p
f, 2(m+nB+p) @
In the expression for the matrix temperature there is no ser-
ies term corresponding to n = 0 because there is no internal
generation of heat. The average temperature within the

particle is not zero and the expression for v is written as

b= ﬁ{u*’ a4 Ho)Bo +a > (1+ H)(1+n) ()
n=1

x (e, cos ¢A4,P) (1) + &.B,P,(1)] } (8)

It is noted that the temperatures u and v have been espe-
cially written so that there is continuity of radial flux across
the particle-matrix interface and hence Eq. (2) is identically
satisfied.

At r=a it is possible to find expressions for the radial
flux and the temperature jump across the interface. The
radial flux across the interface at » = a is written as

—q, = kmax{Zn(l +n)(1 + H,)A4,P!(cos 0) + P}(cos 0)} cos ¢

n=1

+kms_,{§:n(1 +n)(1 + H,)B,P,(cos ) + Py(cos 0)}.

7 )
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The temperature jump across the interface, J, = u(a) —
v(a), is written as

00

0y = — (#) asx{éP} (cos0) + > (1 + 2n)4,P)(cos 9)} cos ¢

n=1

_ (1 erﬁ) agz{épl (cos ) + zoo:(l + 2n)B,P,(cos 0)},

n=0
(10)
where the constant
_2(p-1)
=S (11)

The average particle temperature depends on the direction
of the axial heat flow and the particle either expands or
contracts depending on its average temperature. Thus,
the direction of heat flow might have possible implications
with regard to tensile stress at the interface.

In summary, over the cap-crack, o > 0> 0, there is no
radial flux so that ¢, =0, while over the perfect portion
of the interface, m> 6 > «, there is no temperature jump
so that 6, = 0. These are the so-called mixed boundary con-
ditions and their solution has been considered in the semi-
nal work by Collins [7]. However, the treatment used by
Collins is difficult to follow and here, although we use
many of his suggestions, a different approach is employed
to solve the dual series. In the special case when =1
the expressions for 4,, and B, given in Eqgs. (35) and (49)
agree with his results.

3. Transverse flow

The coefficient A4, is associated with the heat flow in the
x direction. The boundary condition describing the radial
flux, which is found using Eq. (9), is given by
Zn(l +n)(1+ H,)4,P.(cos 0) + P} (cos 0) = 0,

n=1

0<0<a. (12)

Now it is known that the Legendre functions satisfy the
differential equation

n(1+n)P.(cos0) = Z,P!(cos ), (13)

where the operator is

! I d sin 0 d
sin?0 sin0 do do)’
Applying this differential equation the series written in Eq.
(12) can be replaced by

e 1
Z(l + H,)A4,P}(cos 0) + w

n=1

9, =

0
= —2wntan <§>, 0<0<a, (14)

where 2, tan(6/2) = 2, cot(6/2) = 0 and the complemen-
tary solution cot(0/2) is rejected since it is infinite when

0 =0. The constant # is unknown at this stage and the
term

-3
YT 12p)
Over the remaining portion of the interface there is perfect
contact and the boundary condition in Eq. (10) is

(15)

Z(l + 2n)A4,P! (cos 0) + EP}(cos0) =0, a <0<

n=1

(16)

The boundary conditions are given by the dual series in
Egs. (14) and (16) so the problem then becomes to find
the coefficients 4, 45, A3, ... that satisfy these two series.

3.1. Some mathematical results

In the subsequent analysis, integral representation for
the associated Legendre functions are required. Similar to
the Mehler—Dirichlet representations for P,(cos6) the rep-
resentations for Legendre’s function are written as

0
Pil (COS 0) — _Q cot <§) / M’
T 2] Jo +cosx —cos0 (17)
P}l (COS 0) — fﬁ tan <g> M7
s 2 0 \/m

where the functions C,(x) and S,(x) are given by

C,(x) = sin (%) % (%)

= —2sin (g) Xn:(—l)”“’p sin px,

- (18)
x\ d [sin(n—+1/2)x
Su0) = cos (3) gy (s s<in?)—c/2) ! )

= —2co0s G) Zp sin px.

p=1
The general explanation for the derivation of these integral
expressions is described in Chapter 2 of the book by
Sneddon [9].

In addition to these integral representations some
further identities are required and the two results in Egs.
(20) and (21) are essential for the treatment used here.
The integral

L = / " cot? (%) Co(1)Co(1)d1

(1 + MN) sin(N + M)C
N+M

{ZtanécosNCcosMC -

B —

(l—MN)sin(N—M)C}’ (19)

N-M
where (=0o/2, M=2m+1, and N=2n+1. If n=m
then ’Hopital’s rule is used and when o« = 7 it is clear that

the functions C,(x) possess the following orthogonality
relation
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/Oncotz(é)c,,(t)cm(t)dtzg{gfl+")’ Z;Z (20)

Also the following results are required:

Sy(x) = = 5.0 2 1 %{cotz(g>Cn(x)}, (21)

o [ ool

%K ) n(n — )+ sinno — sin(n + 1)
_ (n : 2) sin(n + 2) } (22)
/ cot?(3) C(x)f (v)dx

_ Z: {m cos po — 252

psin(p — D +ps1n(p+1)oc} (23)

p—1 p+1

where f{x) is defined in Eq. (26). Integration by parts has
been used to obtain these results and I’'Hopital’s rule is used
when necessary.

3.2. Solution of the dual equations

Using the first integral representation in Eq. (17) the
series in Eq. (14) is expressed as

0 dx - Cl(x)
/0 \/cosx—cosO{nX_;(lJFILI")A"C"(X)Jr 2 }

2non ., <9)
= tan“ (=), 0<0<oa. 24

The solution to an integral equation of this type is given on
page 41 of the book by Sneddon [9]

- Ci(x)

> L+ H)ACox) + 5= = onf (@), (25)
where

_sin (x/2)(x +sinx)
f(x) = cos? (x/2) : (26)

Next, the series in Eq. (16) represents the fact that there is
no temperature jump across r = a in the region o« < 6 <m.
Using the second integral representations in Eq. (17) this
series can be written as

/0” \/Cos;‘xm {i(l + 2n) 4,8, (x) + &S (X)} =0,

o< 0<m. (27)
In this integral the portion within {---} is equal to zero so
that

> (142n)4,8,(x) + &S (x) = 0.

n=1

After applying the result given in Eq. (21), the expression
C
—200t2(>lZAC é 1()]:C, o<x<T

is obtained where C is a constant. Since the left hand side
of this equation tends to zero as x approaches = it follows
that the constant C = 0. The transformed dual series are
then expressed as

i(l + H)A,Colx) + Clz(x)

n=1

=onf(x), 0<x<a, (28)

o <x<T. (29)

To solve these equations a function /(x) is introduced by
extending the latter series into the region 0 <x <o to
obtain
h
ZA Co ( ) _ = wtan (E) (),
2/ 10,

O<x<a
o <x<T.

(30)

Using the orthogonality condition in Eq. (20), the coeffi-
cient A4, is found as

For large values of n the Legendre’s function P!(cos 0) is
O(y/n) in any closed subinterval in the range 0 < 0 <,
so that if the series in Eq. (12) is to converge, the coefficient
A,, must be O(n>). The function A(x) — 0 as x — 0 and to
ensure convergence of the series in Eq. (12), the constraint

h(o) =0 (32)

is placed upon the function A(x) and eventually 5 is deter-
mined by this condition.

The function A(x) is found by solving the integral equa-
tion that emerges by substituting expressions (30) and (31)
into (28) to obtain

A=~

T
0<x<a, (33)

h(x) + = /0 h(OK (x, 1 = cot (GHE@ +nre),

and the kernel is

K(x,t) = cot ( ) cot ( ) i H"n . (34)

n=1

When f =1 the kernel K(x,7) =0 so that the function A(x)
is equal to the expression on the right hand side of Eq. (33).
For values of f§ = 1 this can be regarded as the first term of
an iterated solution. If 4(«) = 0 it is required that the coef-
ficient 1 = o= —Cy(2)/flo) so that 5y =2 sinx cos’*(0/2)/
(o + sina). The coeflicients 4,, are then given by

Eo1n  20(G, + noF,)

A, = —
3 nn(l +n)

(35)
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When f =1 this expression for A4,
Collins’ result.

is in agreement with

3.3. Approximate solution

In general it is not possible to find the exact solution for
A, so that some approximate solution is required. Since the
integral equation is linear, it is possible to write

h(x) = ho(x) + nhi(x) (36)

and then find these two functions separately; Eq. (32) is

then used to find #. Unknown quantities %, and ¥, are
defined by

9, _/ ho(t) cot C,(t)dt
97”_/ I (£) cot (;)Cn(t)dt

The coefficients A, are then expressed in terms of these
unknown quantities

(37)

ééln 260((4" + 719'3:)
A, =— —aur A,
" 3 * mn(1 + n) (38)

If the kernel is approximated by truncating the series at N
terms, then the two unknown functions are approximated
as

“—~ n(1+n) (39)
hy(x) + = cot (5) i H;(C;"S):)n?” ~ cot (%)f(X)

To find unknown quantities, %,, and % ,, both sides of
these equations are multiplied by cot(x/2)C,,(x) and then
integrated to obtain the result

2K LuH, %,
Gt 2D i) = O
] (40)

2 N Ll T,
T+ 2
+n Z n(l +n)

These two sets of linear equations are then solved to find
Y.,%,,...,%y and F,,F,,...,Fy. Finally the constant
n is found

M_{ () -
/(@)

where the condition /(o) + nhy(o)

2 N H,%,Cp(x
2R }, (41)

2 N  H,7,Cy(x)
Z n(14n)

= 0 has been used.

4. Axisymmetric flow

The coefficient B,, is associated with the axial flow and
the boundary conditions extracted from Egs. (9) and (10)
are written as

> n(14n)(1+H,)B,P,(cos0) + P(cos) =0, 0<6<a,
n=I
(42)

> (142n)B,P,(cos0) + EPy(cos0) =0, a<O<m.  (43)
n=0

The aim is to find the coefficients By,B;,B>,. ..
the dual series and the following identity:

that satisfy

0
sin 0P} (cos 0) = n(1 + n) / P,(cost)sin¢dt
0

is used on Eq. (42). Then differentiating equation (43) with
respect to 0 eliminates By and gives the dual series as

P}(cos0)

(1+H,)B,P!(cos0) + 3

NgE

=0, 0<0<ao, (44)

1

n

(1+42n)B,P.(cos0) + £P}(cos ) =0,

NgE

a<fO<m (45
T

n

These two series are identical to Egs. (14) and (16) given in
Section 3 if the constant 5 is set equal to zero. Upon repeat-
ing all the steps in Section 3 between Eqgs. (24)—(29) it fol-
lows that a function j(x) can be defined in the region
0 <x <« by the relation

55,069+ 55 _ () { f)()

0<x<aq,
o< x<T.

(46)
Using the orthogonality condition (20), the coefficients are
found as
o1, 20 . t
3 + (1) /0 J(#) cot (5) C,(1)dt, (47)

where o is given in Eq. (15). The integral equation satisfied
by j(x) is given by

J(x) +% /O“j(t)K()Q f)dt =

T

B, =~

C(x)cot G) 0<x <o,

(48)

where the kernel K(x,7) is given in Eq. (34). As discussed
previously, when =1 the solution for j(x) is j(x) =
Ci(x)cot (3) and using this as the first iterated solution
the coefficient B,, is approximately given by

‘féln + Zan
3 wn(l+n)’

when f# =1 this agrees with Collins’ result.

In general it is not possible to find the exact solution
and an approximate solution is obtained by truncating
the kernel at N terms. The coefficient B, is written as

féln 260%,,

m:_3 +EH:E, (50)

B, ~ —

(49)
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where the terms ¥, are found by solving the set of linear
equations given in (40)

2K 1,,H,%
g, +2 tnZnTn _ G 51
Jr1rz:n(1—|—n) G (51)

Once the values of 41, %,, ..., %y are found, the coefficients
B;, B,,... can be deduced and the coefficient B, can be
obtained by evaluating Eq. (43) at 0 = =.

5. Effective thermal conductivity

Most of the schemes that are used to find the effective
thermal conductivity in a composite material containing
randomly dispersed particles rely upon the thermal field
associated with an isolated inhomogeneity embedded in an
infinite matrix [3,5,10-13]. Now considering the expression
for the matrix temperature in Eq. (6), it can be shown that
in a suitable representative test volume the higher order ser-
ies terms z > 1 make no contribution to the average flux and
hence do not enter the calculation for the effective conduc-
tivity. Thus, using only the first series term gives the form

a3
u=u>* — (gAx + &Bz) (;) , (52)
where A = (1 + H1)4; and B=(1+ H,)B;. To find 4, and
By a system of linear equations N x N needs to be solved.
The convergence is rapid and setting N equal to 2 or 3 gives
fairly accurate results.

If the cracked caps are aligned then the overall effective
conductivity is anisotropic and can be found using Max-
well’s [3] treatment. He considers a spherical region of
radius equal to ¢ which encloses M particles and the num-
ber M is related to the volume fraction /by Ma®> = fc>. This
spherical region is enclosed by an infinite matrix having
conductivity k. Provided that the interaction between par-
ticles is neglected, the effect of the M particles can be
summed, and at large distances, that is when r>> ¢, the
temperature is approximately

o3
u=u> — f(edx + ¢.Bz) (;) . (53)
On the other hand if the composite region inside the radius
¢ containing the M particles is replaced with homogeneous
material having an effective conductivity k; = k] # k. then
the temperature is

3
u=u* = (e +0.2.2)(5) (54)
r
where y, and y. are
ki — km kS — ki
5 —_z m 55
BT 2k T K + 2k (55)

If the two expressions for the temperature are to be equal
then y,=fA4 and y.=fB. Solving for the conductivity
components k; and k{ yields the expressions

e 14274 e 14 2fB
b=t Tk {TE (56)

If there is no debonding and the interface is perfect, then
the effect of the particle is of course isotropic and 4 =
B =y where
_1-8 s po Y
1428 1 + 2y
and Maxwell’s estimate for a dispersion of spherical parti-
cles is obtained.

(57)

5.1. Fictitious inclusion

The debonded spherical particle can be replaced by a fic-
titious anisotropic inclusion having a thermally perfect
interface. A similar situation arises in elastic problems,
when particles are partially debonded [12]. Suppose that
the fictitious particle has thermal conductivity k, =k, # k.
and this conductivity can be found using Eq. (56) by setting
f=1 to obtain

_k_ ﬁ{1+2:} 5 _k_ ﬁ{1+2:}
p p

When the particle is perfectly bonded, o =0, the coeffi-
cients A = B=17y and A. = A, = 1. On the other hand, for
a completely debonded particle, i.e. « = r/2, the fictious
particle has 4. = A, = 0. Graphs of k,/k, and k./k, versus
o are shown in Figs. 1 and 2, respectively. The various
curves correspond to the indicated values of  and as might
be expected, when the particle conductivity is high, i.e.
small values of f, the values of 1,, 1. decay rapidly. On
the other hand, if the particle has very low conductivity
the influence of the debonding is not so pronounced.

If the orientation of the crack caps is random then the
composite can be viewed as a randomly oriented dispersion
of anisotropic spherical fictitious particles. The overall

(58)

1.oo——t—t§__\gn......u....
] \\\\\\\ —— Ezg;g
1 \ %\\ ——- B=050
Y
0.75 \ \ \‘._. —_— B: 1.00——
- : ANy B =2.00
= \y [z B=100
g R
© 1
o \ \\\."-\.
z 0.50 WA \\\\
B A\ \
3 \ Ny
S ] \ \\\"-.,'\
0.25 A Q‘
] NG
T &i B
000 4t TS |
0 n/2 T

Cap Half-Angle, o

Fig. 1. The behaviour of the particle conductivity k./k,, as a function of
the spherical-cap crack half-angle «. The various curves correspond to
values of f = ku/k,, in the range 0.1 < § < 10.
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1.00

0.75

0.50

Conductivity Ratio, k,/ k

0.25

0.00

0 /2 9
Cap Half-Angle, o

Fig. 2. The behaviour of the particle conductivity k./k, as a function of
the spherical-cap crack half-angle «. The various curves correspond to
values of f = km/k, in the range 0.1 < § < 10.

conductivity is isotropic and methods of treating this prob-
lem are described elsewhere [1,2,13].
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